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Introduction
The purpose of this talk is twofold. First, I want to give another example of
how tools and techniques which are well proven in the world of finite dimensional
dynamical systems may be applied in the world of infinite dimensional evolution
equations. In this case this tool is the so called Birkhoff normal form of Hamiltonian
mechanics, which allows to view Hamiltonian systems near an equilibrium as small
perturbations of integrable systems. In the infinite dimensional world, such a normal
form allows us to view certain nonlinear evolution equations not only as small perturbations of integrable partial differential equation, but also as small perturbations
of infinite dimensional, integrable ordinary differential equations. In addition, the
calculations involved are rather elementary.
Second, such normal forms enable one to apply, in a rather effortless way,
an infinite dimensional extension of the classical KAM theory and thus establish
the existence of large families of time-quasi-periodic solutions which are linearly
stable. This may help to explain the numerical observations of recurrent, non-ergodic
behaviour for those evolution equations. Here, we continue work of Sergej Kuksin,
which he described at the first ECM in Paris in 1992.
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Nonlinear Schrödinger and wave equations
As a first example, consider the nonlinear Schrödinger equation
iu t = u x x − mu − f (|u|2 )u

(1)

on the bounded interval [0, π] with Dirichlet boundary conditions
u(0, t) = 0 = u(π, t),

−∞ < t < ∞.

Here, m is a real parameter, and f is a real analytic function around 0 in C such that
f (|u|2 )u = a |u|2 u + · · · ,

a = 0.

So after rescaling u we have
iu t = u x x − mu ∓ |u|2 u + O5 (u).
This equation is Hamiltonian. As the phase space, take H01 ([0, π ]), the Sobolev space of all complex valued L 2 -functions on [0, π ] with an L 2 -derivative and
vanishing boundary values. As Hamiltonian, take

H=

1
2

Au, u +

1
2

π

F(|u|2 ) dx,

0

where A = −d2 /dx 2 + m , F is the primitive of f with, say, F(0) = 0, and
π
u, v = Re 0 u v̄ dx . Then (1) is equivalent to
u̇ = i∇ H (u),
where the gradient is taken with respect to ·, · . The underlying symplectic structure
is [u, ũ] = iu, ũ .
As a second example, consider the nonlinear wave equation
u tt = u x x − mu − f (u)

(2)

on the same bounded interval [0, π] with Dirichlet boundary conditions. In this case,
m > 0, and f is a real analytic, odd function such that
f (u) = au 3 + O5 (u),

a = 0.
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This class of equations comprises the sine-Gordon, the sinh-Gordon and the φ 4 equation, given by



sin u
,
mu + f (u) = sinh u


u + u 3
respectively, as well as small perturbations of them of order five and more.
In this case, the phase space may be taken as H01 ([0, π ]) × L 2 ([0, π ]) with
real coordinates u and v = u t . As Hamiltonian, take
 π
1
1
F(u) dx,
H = 2 v, v + 2 Au, u +
0

where A and F are as above, and ·, · is the standard L 2 -product. Then (2) is
equivalent to
u̇ =

∂H
= v,
∂v

v̇ = −

∂H
= −Au − f (u).
∂u

The underlying symplectic structure is [(u, v), (ũ, ṽ)] = u, ṽ − ũ, v .
We are going to study solutions of these equations of small amplitude. In a first
approximation this allows us to consider the nonlinear terms as small perturbations
of the linear Schrödinger and the Klein-Gordon equation,
iu t = u x x − mu

and

u tt = u x x − mu,

(3)

respectively. These are, of course, completely understood. Every solution is the
superposition of the harmonic oscillations of their basic modes φk = sin kx , k ≥ 1,
which oscillate with fixed frequencies
λk = k 2 + m

and

λk =


k 2 + m,

and arbitrary amplitudes. For instance,
u(x, t) =

k 2 |ak |2 < ∞,

ak eiλk t φk (x),
k≥1

k≥1

is the general solution in the Schrödinger case. The combined motion of the modes
is periodic, quasi-periodic or almost-periodic, depending on whether one, finitely
many, or infinitely many modes are excited. Moreover, the whole phase space is
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completely filled by these types of solutions. That is, the linear systems are completely integrable.
Upon restoring the nonlinear terms this foliation will not persist in its entirety,
due to the long range coupling effects of the nonlinearities, and resonances, or near
resonances, among the different modes. This applies even to the families of timeperiodic solutions. One may only hope to prove the persistence of a large portion
of it in the regime of small amplitude solutions, using some extension of KAM theory to infinite dimensional systems. Integrable linear systems, however, are totally
degenerate from the point of view of KAM theory, as they show no frequency amplitude modulation whatsoever – all the frequencies are fixed. Hence, KAM theory
is not applicable at this stage.
This difficulty may be circumvented by replacing the scalar parameter m by
a potential Q(x, ξ ), which depends on sufficiently many external parameters ξ =
(ξ1 , . . . , ξn ). They allow to vary the frequencies of the basic modes and may thus
substitute the usual nondegeneracy condition of KAM theory. As a result one obtains large Cantor sets of parameters for which there exist quasi-periodic solutions
of small amplitude. This approach was taken by Wayne [35] and in some cases by
Kuksin – see for example [22, 24, 25]. However, these Cantor sets do not include
any open interval of constant potentials Q ≡ m due to infinitely many nonresonance
conditions imposed on the frequencies λk . Also, the number of parameters needed
grows with the number of independent frequencies of the quasi-periodic solutions
considered.
But linear systems are not the only integrable approximations that are available. There are also nonlinear integrable pde around. In the case of the Schrödinger
equation this is the Zakharov-Shabat equation
iu t = u x x − mu − |u|2 u
on the real line with periodic boundary conditions [38]. In the case of the wave
equation this is the sine-Gordon or the sinh-Gordon equation with periodic boundary
conditions on the real line. So it is natural to consider (1) and (2) as perturbations of
such nonlinear integrable pde’s. This approach was taken by Kuksin and his collaborators – see [3, 6].
This approach, however, entails a lot of technical difficulties. First, a detailed
knowledge of the solutions of these integrable pde is required, for example through
explicit representations by theta-functions, to obtain the variational equations of motion along unperturbed quasi-periodic solutions and to bring these into constant coefficient form. Second, these coefficients have to satisfy certain nondegeneracy conditions in order to apply KAM, and this is quite difficult to verify. All this can be
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done, but the amount of work is formidable – see also [3, 4, 5, 6].
It is the purpose of this talk to describe an alternate approach via nonlinear
integrable ode, which by comparison is short and elementary. This approach was
first proposed in [29]. For the Schrödinger equation this was carried out by Kuksin
and the author [28], and for the wave equation by the author [30]. The first step is to
rewrite the nonlinear pde as an infinite dimensional system of ode’s by introducing
infinitely many coordinates. To simplify notations, we now focus our attention on
the nonlinearities ∓ |u|2 u and ∓u 3 , respectively, since terms of higher order will
not make any difference.
Using Fourier’s classical approach we make for the Schrödinger equation the
ansatz
qk (t)φk (x).

u=
k≥1

The time dependent coefficients are taken from some Hilbert space sC , s ≥ 1, of
complex sequences q = (q1 , q2 , . . . ) with k≥1 k 2s |qk |2 < ∞. One then obtains a
Hamiltonian system on sC with Hamiltonian
H =+G
=

λk |qk |2 ±

1
2
k≥1

G i jkl qi q j q̄k q̄l ,

1
4

(4)

i, j,k,l

where

λk = k + m,
2

π

G i jkl =

φi φ j φk φl dx,

0

and equations of motion
q̇k = 2i

∂H
= iλk qk + . . . ,
∂ q̄k

k ≥ 1.

These are the classical Hamiltonian equations of motion for the real and imaginary
parts of qk = xk + iyk written in complex notation. The underlying symplectic
structure is 2i k dqk ∧ d q̄k .
The quadratic term  describes the linear integrable Schrödinger equation and
gives rise to a linear Hamiltonian vector field which is unbounded of order 2. The
fourth order term G is not integrable, but gives rise to a bounded vector field on sC
of order 0.
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The same approach to the wave equation requires only a bit more notation.
Here we write
u=
k≥1

qk (t)
√ φk (x),
λk



v = ut =

λk pk (t)φ(x),

k≥1

taking (q, p) = (q1 , q2 , . . . , p1 , p2 , . . . ) from some real Hilbert space s × s with
s ≥ 12 . One obtains the Hamiltonian
H =+G
=

λk ( pk2 + qk2 ) ±

1
2

G i jkl qi q j qk ql ,

1
4

(5)

i, j,k,l

k≥1

where
λk =



k2

+ m,

G i jkl

1
=
λi λ j λk λl



π

φi φ j φk φl dx,

0

and equations of motion
q̇k =

∂H
= λk pk ,
∂ pk

ṗk = −

∂H
∂G
= −λk qk −
.
∂qk
∂qk

The underlying symplectic structure is k dqk ∧ dpk . In this case the linear integrable vector field is unbounded of order 1 on s × s , whereas the nonlinear vector
field is bounded of order −1.
In both cases we are now dealing with a Hamiltonian system of infinitely many
degrees of freedom near an elliptic equilibrium located at the origin. In the classical
theory, the standard tool to investigate such systems is their Birkhoff normal form,
or its generalizations. Remarkably, such a normal form is available here without any
further assumption. Moreover, its coefficients are easily determined.
To this end one first notices that in both cases the fourth order coefficients
satisfy
G i jkl = 0

⇔

i ± j ± k ± l = 0,

for some combination of plus and minus signs. Next, in the Schrödinger case, one
has the following elementary nonresonance of order four among the frequencies at
the equilibrium.
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Lemma 1.1 ([28]) If i ± j ± k ± l = 0, but {i, j} = {k, l}, then for λk =
+ m one has
λi + λ j − λk − λl = i 2 + j 2 − k 2 − l 2 = 0.

This allows us to define a convergent normalizing coordinate transformation
in exactly the same way as in the classical case by comparison of coefficients, since
these are the only divisors that show up [12]. Thus, from the Hamiltonian (4) we can
remove all terms of order four which are not integrable. The upshot is the following
result.
Theorem 1.2 ([28]) There exists a real analytic, symplectic coordinate transformation  in a neighbourhood of the origin in sC that for all m takes the Hamiltonian (4) of the nonlinear Schrödinger equation into its Birkhoff normal form of order
four,
H ◦=

λk |qk |2 +

1
2
k≥1

Q kl |qk |2 |ql |2 + O6 (q),

1
2
k,l≥1

with uniquely determined coefficients
Q kl =

2 − δkl
4 − δkl
G klkl =
.
2
4π

The order of the corresponding nonlinear vector fields is still 0.
Thus, we obtain an infinite dimensional Hamiltonian system which is completely integrable up to order four in the classical sense.
The corresponding result for the wave equation is somewhat less complete due
to asymptotic resonances among its frequencies λk . Here, the following estimate
holds.
Lemma 1.3 ([30]) If i, j, k, l √
are positive, not pairwise equal integers such
that i ± j ± k ± l = 0, then for λk = k 2 + m one has
λi ± λ j ± λk ± λl ≥ 

cm
(n 2 + m)3

,

n = min(i, j, k, l),

for arbitrary combinations of plus and minus signs with some absolute constant c.
Hence the left hand side is uniformly bounded away from zero on every compact m interval in (0, ∞).
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As a consequence, we obtain the following partial normal form result. Let
z k = √1 (qk + i pk ) and z̄ k = √1 (qk − i pk ). Then z ∈ sC .
2

2

Theorem 1.4 ([30]) For each n ≥ 1 and m > 0 there exists a real analytic,
symplectic coordinate transformation n in some neighbourhood of the origin in sC
that takes the Hamiltonian (5) into
λk |z k |2 +

H ◦ n =

Q kl |z k |2 |zl |2 + O4 (z  ) + O6 (z),

1
2

k≥1

min(k,l)≤n

with uniquely determined coefficients
Q kl = 12(2 − δkl )G klkl =

6 4 − δkl
·
π
λk λl

and z  = (z n+1 , z n+2 , . . . ). The order of the associated nonlinear vector fields is
still −1.
Moreover, the neighbourhood can be chosen uniformly for every compact m interval in (0, ∞), and the dependence of n on m is real analytic.
The first two terms of the normal form describe again an infinite dimensional
integrable Hamiltonian system. Note that the interaction of the first n modes with
all modes is normalized, but not the interaction of the higher modes with each other.
Incidentally, it is possible to produce a complete normal form as in Theorem 1.2, but
only at the expense of increasing the order of the nonlinear vector fields by 1. To
such a normal form, the KAM theorem of section 4 below is not applicable.
We are now in a position to study the fate of quasi-periodic solutions, where
only a finite number of modes is excited. Their analogue in the pde approach are the
so called finite-gap-solutions. Suppose for simplicity that we want to excite the first
n modes, 1 ≤ n < ∞. Introduce action-angle-coordinates for them by writing
qk = z k =



Ik eiϕk ,

1 ≤ k ≤ n.

In both cases we obtain a Hamiltonian H = H0 + H1 in coordinates (ϕ, I, z  ) in
Tn × Rn × sC , where
H0 =

λk Ik +
1≤k≤n

λk |z k |2 +

Q kl Ik Il +

1
2
1≤k,l≤n

k≥n+1

and
H1 = O4 (z  ) + O6 (z).

Q kl Ik |zl |2
1≤k≤n<l

(6)
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H0 describes a nonlinear integrable Hamiltonian system with equations of motion
ϕ̇k = λk +
I˙k = 0,

Q kl Il + . . . ,
1≤l≤n

ż k = iλk z k + . . . .
There is an n-parameter family of invariant tori
Tn × {I } × {0},

I ∈ Rn+ ,

carrying linear flows with amplitude-dependent frequencies, along which the variational equations of motion have constant coefficients Q kl that are known explicitly.
Note that this family is different from the analogous family for the quadratic Hamiltonian k λk |z k |2 , where there is no frequency modulation.
To this Hamiltonian H0 an infinite dimensional version of the KAM theorem
given by Kuksin [25] or the author [31] can be applied. The nondegeneracy conditions for H0 are easily checked, and H1 may be regarded as a small perturbation
of H0 , when the amplitudes are sufficiently small. As a result, for each n one obtains a Cantor family of time-quasi-periodic solutions of the nonlinear Schrödinger
and wave equations with n independent frequencies, filling n-dimensional invariant
tori in phase space which are linearly stable. The relative 2n-dimensional Hausdorff
measure of all these tori approaches 1 as one approaches the equilibrium u ≡ 0. For
a more detailed and complete statement of the conclusions we refer to [28, 30].
To sum up, the key ingredients of this approach are the following. To get
started the linear operator involved – in this case −d2 /dx 2 +m with Dirichlet boundary conditions – has to have a pure point spectrum with a complete set of eigenfunctions. The point eigenvalues have to avoid certain low order resonances so that the
transformation into Birkhoff normal form is defined. This, for example, makes it
necessary that the cubic nonlinearities
± |u|2 u

and

± u3

do not depend explicitly on x ; otherwise, there were non-integrable resonant terms
which can not be transformed away for all parameter values of m . Their sign, however, is completely irrelevant. So it is not necessary to distinguish between the focusing and the defocusing cases.
The nonresonance conditions are reminiscent of Lyapunov’s center theorem in
the finite-dimensional theory: if, at an elliptic equilibrium of a real analytic Hamil-
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tonian with characteristic frequencies λ1 , . . . , λn , one has
λk
∈
/ Z,
λn

1 ≤ k ≤ n − 1,

then there exists a disc through the equilibrium filled with periodic solutions with
frequencies λ approaching λn as they approach the equilibrium. The nonresonance
conditions are necessary: given a resonance there are nonlinearities so that such a
family of periodic solutions does not exist [33].
For infinite dimensional systems there are similar results concerning the nonpersistence of breathers under generic perturbations. See for example [16] and
[34], respectively, for recent results concerning the sine-Gordon equation and certain
classes of nonlinear wave equations. Very loosely speaking, the resonance occurs
between the point eigenvalue of the unperturbed periodic solution – the breather –
and the continuous spectrum of the unperturbed operator. These results indicate that
to require a pure point spectrum not in low order resonance is not a technical shortcoming, but essential for persistence results of the kind above.
Some further restrictions arise from the requirements of the KAM theorem
itself. First, the characteristic frequencies λk of the equilibrium have to grow at least
linearly:
λk ∼ k d ,

d ≥ 1.

This restricts the existence results essentially to problems with a 1-dimensional x space. Second, the frequencies also have to be simple. This restricts one essentially
to Sturm-Liouville boundary conditions, and excludes periodic boundary conditions,
where eigenvalues are asymptotically double.
This restriction is more of a technical nature. Recently, Craig & Wayne [14]
extended the Lyapunov center theorem to infinite dimensions and constructed Cantor
discs of time-periodic solutions of a nonlinear wave equation with periodic boundary
conditions. They used a Lyapunov-Schmidt reduction scheme together with small
divisor estimates in the spirit of KAM theory. Their approach was then extended
considerably by Bourgain, who obtained not only quasi-periodic solutions for Schrödinger equations [9], but also periodic and quasi-periodic solutions for some twodimensional Schrödinger and wave equation [7, 8, 11]. With this technique, double
eigenvalues are permitted. On the other hand, one does not obtain the linear stability
of the solutions so constructed.
The results described so far concern the existence of quasi-periodic solutions
filling finite-dimensional invariant tori in an infinite dimensional phase space. Nothing is known, however, about the existence of almost-periodic solutions. On one

Section 2: Perturbed KdV equations

11

hand, the generic solution of the linear equations (3) are almost-periodic, with infinitely many excited modes and infinitely many independent frequencies. On the
other hand, the nonlinearities effect a strong, long range coupling among all of them.
This effect is beyond the control of the current techniques.
There are, however, existence results for simplified problems. Bourgain [10]
considered the Schrödinger equation
iu t = u x x − V (x)u − |u|2 u
on [0, π ] with Dirichlet boundary conditions, depending on some analytic potential V. Given an almost-periodic solution of the linear equation with very rapidly
decreasing amplitudes and nonresonant frequencies, he showed that the potential V
may be modified so that this solution persists for the nonlinear equation. Thus,
the potential serves as an infinite dimensional parameter, which has to be chosen
properly for each initial choice of amplitudes.This result is obtained by iterating the
Lyapunov-Schmidt reduction introduced by Craig & Wayne.
A similar result was obtained independently by the author for the equation
iu t = u x x − V (x)u − N (u),
where
N (u) =  f (|u|2 )u ,
 : u → ψ ∗ u a convolution operator which is smoothing of order greater than 1/4.
This smoothing makes it possible to iterate the KAM theorem about the existence of
quasi-periodic solutions. As a result, one obtains for – in a suitable sense – almost
all potentials V a set of almost periodic solutions, which – again in a suitable sense
– has density one at the origin. See [32] for more details.

2

Perturbed KdV equations

Now we consider small Hamiltonian perturbations of the best known nonlinear
integrable pde, the KdV equation. That is, we consider the equation
u t = u x x x − 6uu x + ε∂x f (u)
with periodic boundary conditions,
u(x + 1, t) = u(x, t),

(7)
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where f is some real analytic function on the real line. For the simplicity of the
exposition, we may restrict ourselves to the case of zero mean solutions,


1

[u] =

u(x, t) dx = 0,

0

although the general case presents no additional difficulties.
The KdV equation belongs to a whole family of integrable pde. For instance,
we may also consider perturbations of the second KdV equation,
u t = u x x x x x − 10uu x x x − 20u x u x x + 30u 2 u x + ε∂x f (u),

(8)

subject to the same boundary and mean value conditions. We will consider both
equations simultaneously.
These equations are Hamiltonian. As a phase space take the Sobolev space
s
1
H0 (S ), s ≥ 1, of real valued functions on R with period 1 and mean value zero,
endowed with the Poisson structure due to Gardner,


1

{F, G} =
0

∂ F d ∂G
dx.
∂u dx ∂u

The Hamiltonians corresponding to the above equations are then


1

H (u) =
1

0

1 2
2 ux

+ u 3 + ε F(u) dx

and


1

H (u) =
2

0

1 2
2 uxx

+ 5uu 2x + 52 u 4 + ε F(u) dx,

where F is the primitive of f with F(0) = 0. The above evolution equations are
then equivalent to
u̇ =

d ∂ Hι
dx ∂u

for ι = 1 and ι = 2, respectively.
Note that for the first KdV equation, the linear operator is unbounded of order 3, while the nonlinear operator is unbounded of order 1. For the second KdV
equation, these numbers are 5 and 3, respectively. So, in contrast to the nonlinear
Schrödinger and wave equations considered in section 1, also the nonlinearities are
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given by unbounded operators. This causes some complications in the KAM theory,
as we will indicate below.
Results for the perturbed KdV equation were first obtained by Kuksin [23,
27]. He showed that the so called n-gap solutions persist for sufficiently small ε,
where the bound on ε depends on the solution considered, in particular its number
of gaps. To apply the KAM theory, however, he had to go a long way. First, the
Its-Matveev formula for periodic solutions and the Zakharov-Akhiezer- -functions
were needed to obtain the variational equations of motion along n-gap solutions and
to put them into constant coefficient form. Then, further investigations based on
a beautiful result of Krichever [21] were needed to verify the nondegeneracy and
nonresonance conditions required by the KAM theorem.
The use of Birkhoff normal forms provides an alternate, elementary approach
to the same results, at least for small solutions. The following presents joint work of
Kappeler and the author [20]. Write
u=

γk qk e2πikx = q

(9)

k =0

with
γk =



s+1/2

and q = (q1 , q2 , . . . ) ∈ C
coordinates is

2π |k|,

q̄k = q−k ,

. The KdV Hamiltonian for ε = 0 in these new

H 1 (q) =  + G
(2πk)3 |qk |2 +

=
k≥1

γk γl γm qk ql qm .
k+l+m=0

The equations of motion are the classical ones in complex coordinates:
q̇k = i

∂ H1
,
∂ q̄k

k ≥ 1.

The second KdV Hamiltonian is also easy to write down. It just contains more terms
and will be given below in normal form.
To transform the first Hamiltonian into its Birkhoff normal form, two coordinate transformations are required, one to eliminate the cubic term, and one to normalize the resulting fourth order term. Both calculations are elementary. The pertinent
nonresonance conditions are satisfied, since first, no three cubics add up to zero, and
second, an analogue of Lemma 1.1 for four cubics holds. The result is the following.
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Theorem 2.1 ([20]) There exists a real analytic, symplectic coordinate transs+1/2
formation  in a neighbourhood of the origin in C
, which transforms the first
KdV Hamiltonian into
(2π k)3 |qk |2 − 3

H1 ◦  =
k≥1

|qk |4 + O5 (q)
k≥1

and preserves the order of the nonlinear vector fields. This transformation satisfies
(0) = 0, d0  = id.
Note that the quartic term is in diagonal form.
The Hamiltonians of the KdV family are all in involution with each other. As a
consequence, this transformation  not only normalizes the first KdV Hamiltonian
up to order four, but indeed simultaneously normalizes every other KdV Hamiltonian
up to order four as well. This considerably simplifies the calculations. To find the
normal form of the second KdV Hamiltonian, we only have to calculate one Poisson
bracket, since the coefficients of  are known already. Compare also Ito [18] for a
sharper version in finite dimensions.
Theorem 2.2 ([20]) The transformation  of the above theorem transforms
every Hamiltonian of the KdV family into its Birkhoff normal form up to order four,
preserving the order of the nonlinear vector fields. In particular, for the second KdV
Hamiltonian one finds
(2π k)5 |qk |2 +

H2 ◦  =
k≥1

Q kl |qk |2 |ql |2 + O5 (q)
k,l≥1

with uniquely determined coefficients
Q kl = 20π 2 (6 − 7δkl ) kl.
These normal forms are sufficient to prove the persistence of quasi-periodic
solutions of sufficiently small amplitude under small Hamiltonian perturbations of
the equations as given in (7) and (8). Moreover, if the perturbing terms are of order
three or more in u , no extra parameter ε is needed to make the perturbing terms
small. The nonresonance and nondegeneracy conditions are easily checked with the
explicit coefficients at hand, so that the KAM theorem as given below can be applied
in the usual way.
More is needed, however, to study large solutions as well. Here, the global
action-angle coordinates constructed by Kappeler et al. [1, 2, 19] give a very convenient handle. In our context, their result can be formulated as follows.
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There exists a real analytic, symplectic diffeomor-

phism
3/2

 : C

→ H01 (S 1 ),

q → u,

with a real analytic inverse, such that the KdV Hamiltonian (7) is transformed into a
function of the amplitudes |q|2 = (|q1 |2 , . . . ) alone:
H 1 ◦  = Ĥ 1 (|q|2 ).
The same holds for every other Hamiltonian in the KdV family.
This transformation satisfies
d0  = ,

(0) = 0,

where  is the transformation in (9). Moreover, the restriction of  to each subspace
s+1/2
s+1/2
C
, s ≥ 1, is a bianalytic diffeomorphism between C
and H0s (S 1 ).
We may view  as a global transformation taking H 1 into a complete global
Birkhoff normal form, whereas our simple transformation  ◦  is a local transformation into a local Birkhoff normal form of order four only. Both transformations,
however, have the same linearization at the origin. The uniqueness of the Birkhoff
normal form then implies that the two normal forms must agree up to order four.
In other words, the local results provides us with the first terms of the Taylor series
expansion of the globally integrable Hamiltonians. In the following we drop the ˆ .
Theorem 2.4 ([20])  transforms the first and second KdV Hamiltonians
into the globally integrable Hamiltonians
H ι (|q|2 ) =

λιk |qk |2 +
k≥1

Q ιkl |qk |2 |ql |2 + . . . ,

1
2
k,l≥1

where
λ1k = (2π k)3 ,

Q 1kl = −6δkl ,

and
λ2k = (2πk)5 ,

Q 2kl = 40π 2 (6 − 7δkl )kl.
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Now we are in a position to study perturbations of large n-gap solutions. Introducing the usual action-angle coordinates
qk =



Ik eiϕk ,

1 ≤ k ≤ n,

we obtain an integrable system with Hamiltonian
Hι =

λιk Ik +
1≤k≤n

Q ιkl Ik Il +

1
2
1≤k,l≤n

λιk |qk |2 +
k≥n+1

Q ιkl Ik |ql |2 + · · ·
1≤k≤n<l

(10)
and equations of motion
ϕ̇k = ωkι ,

I˙k = 0,

q̇k = iωkι qk ,

where the frequencies ωkι are real analytic functions of I and |q  |2 = (|qn+1 |2 , . . . )
with expansion
ωkι (I, |q  |2 ) = λιk +

Q ιkl Il + · · · .
1≤l≤n

The dots stand for terms of higher order in I and at least first order in |q  |2 .
Thus, the variational equations along each invariant torus Tn × {I } × {0} have
constant coefficients, which are real analytic functions of the position I of the torus.
The relevant nonresonance and nondegeneracy conditions are easily checked at I =
0. Hence, by analyticity and local finiteness, they are satisfied on a dense open subset
of the phase space. We may thus apply KAM theory to obtain the persistence of
almost all finite gap solutions of the first and second KdV equation under sufficiently
small Hamiltonian perturbations of the equations as given in (7) and (8).
Of course, the admissible size of the perturbations depends on the solution
considered. For a fixed size of ε, a Cantor set of quasi-periodic solutions is obtained,
which asymptotically fills the phase space as ε tends to zero.
To sum up, in the Hamiltonian perturbation theory of the KdV family, the
Birkhoff normal form serves two purposes. First, it provides an easy way to apply
KAM theory to small solutions. Second – and this is probably more important –
in connection with the global coordinates of Kappeler et al. it provides a sufficient
control over the variational equations to verify the nonresonance and nondegeneracy
conditions almost everywhere. So for this purpose the deep and intricate results of
Krichever are not needed.
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Water waves

So far we considered equations which could be understood as small perturbations of some nonlinear integrable pde. Now I want to describe another application
of the Birkhoff normal form where seemingly there is no integrable pde in the background. This application is due to Zakharov [37] and Craig & Worfolk [15, 13], and
I will merely report their results.
Consider the motion of an incompressible, irrotational ideal fluid in a two-dimensional domain of infinite depth,
S(η) = { (x, y) : 0 < x < 2π, −∞ < y < η(x, t) } .
There is a velocity potential ϕ, so that on this domain the velocities are
u = ∇ϕ,

ϕ = 0.

(11)

The boundary condition are
ϕy → 0

y → −∞

as

at the bottom and periodic at the lateral sides,
η(x + 2π, t) = η(x, t),

ϕ(x + 2π, t) = ϕ(x, t).

The nonlinearity and time dependence of the problem are introduced by the boundary
condition at the free top surface,
ηt = ϕ y − η x ϕ x ,

ϕt = −gη −

1
2

∇ϕ, ∇ϕ ,

where g is the gravitational constant.
These equations can be written in Hamiltonian form. The Hamiltonian is the
total energy of the system. The appropriate choice of canonically conjugate variables
was given by Zakharov [36] as
η(x)

and

ξ(x) = ϕ(x, η(x)),

the free surface and the trace of the potential on it. This trace together with the
boundary conditions at the bottom and at the sides uniquely determines the harmonic
potential ϕ on the domain S(η). The Hamiltonian then turns out to be
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H (ξ, η) = K + V
 2π
1
ξ G(η)ξ dx +
=2
0


1
2

2π

gη2 dx.

0

Here, G(η) is the Dirichlet-Neumann operator which associates with ξ the normal
derivative of the harmonic solution ϕ with ϕ(x, η(x)) = ξ(x). The equations of
motion are now
η̇ =

∂H
= G(η)ξ,
∂ξ

ξ̇ = −

∂H
∂K
= −gη −
.
∂η
∂η

In the following we may restrict ourselves to zero mean functions,
[η] = 0,

[ξ ] = 0,

since these means are conserved quantities.
The Dirichlet-Neumann operator G is analytic in η, so it admits an expansion
G = G 0 + G 1 + . . . into homogeneous terms in η. Consequently, there is a similar
expansion of the Hamiltonian H ,
H = H2 + H3 + · · · ,
where H j is homogeneous of degree j in ξ and η. Thus, 0 is an equilibrium, which
agrees well with the fact that the flat surface is a steady state of our system. In
particular,

H2 =

1
2

2π

(ξ G 0 ξ + gη2 ) dx.

0

Moreover, at infinite depth one simply has G 0 = −i∂x . Expanding ξ and η into
Fourier series with complex coefficients ξk and ηk and no constant terms, one obtains
(k |ξk |2 + g |ηk |2 ).

H2 =
k≥1

Thus, 0 is an elliptic equilibrium with characteristic frequencies

ωk = gk,
k ≥ 1.
This is the well known frequency dispersion for linear water waves.
Now consider the next terms of the Hamiltonian H . They can be written down
explicitly, either by hand or by computer, but their exact form is not relevant here. As
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before, the cubic term H3 contains only monomials in ξk and ηk whose indices add
up to zero. They turn out to be nonresonant, since similarly to Lemma 1.1 one has
ωk ± ωl ± ωm = 0

if

k ± l ± m = 0.

So formally they can be transformed away. Craig & Worfolk [15] showed that this
formal transformation is indeed convergent.
Theorem 3.1 ([15]) There exists a real analytic, symplectic coordinate transformation between small neighbourhoods of the origin in some suitably defined Hilbert space of exponentially decreasing sequences of Fourier coefficients such that
H ◦  = H2 + H̃4 + H̃5 + · · · .
That is, the third order term is completely removed.
The fourth order term, however, is more troublesome. There are not only the
classical, benign resonances of order four of the form
ωk + ωl − ωk − ωl = 0,
which are not harmful, since they give rise to integrable terms in the normal form.
There are also non-benign resonances such as
ω1 − ω4 − ω4 + ω9 = 0.
Indeed, all the non-benign resonances are easily classified – they are of this form
with indices
pm 2 , p(m + 1)2 , pm 2 (m + 1)2 , p(m 2 + m + 1)2 ,
with positive integers p and m . In the original Hamiltonian H the corresponding
coefficients are not all zero. But then, a little miracle happens – which was first
observed by Zakharov [37] and reported in Dyachenko & Zakharov [17].
Theorem 3.2 ([17, 15]) In the transformed Hamiltonian H ◦  of the preceding theorem all the non-benign coefficients of H̃4 vanish. Hence, there exists a
formal symplectic coordinate transformation  that takes H ◦  into an integrable
Birkhoff normal form up to order four.
It has not been shown yet, however, that this formal transformation is convergent in some suitable sense.
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If a statement is true for n = 3 and n = 4, it is customary to conjecture
that it holds for all n. Therefore, Dyachenko and Zakharov [17] conjectured that
the Birkhoff normal form of H is integrable to every order. Craig & Worfolk [15]
showed, however, that this is already false at n = 5. The transformed Hamiltonian
contains nonvanishing resonant terms of order five, which can not be transformed
away. This makes it very likely that the whole Hamiltonian is not integrable.
To sum up, the Hamiltonian of deep water waves has the following properties.
Due to some unexpected cancellation of terms, there are formal symplectic coordinates around the equilibrium, in which the Hamiltonian is in Birkhoff normal form
up to order four. So, modulo their analyticity, the system may be viewed as a small
perturbation of an infinite dimensional system of nonlinear integrable ode’s. This
integrability can not be pushed to higher order, due to resonant terms of order five.
Unfortunately, the present KAM theories do not apply to this Hamiltonian,
even when it is proven to be analytic. Its characteristic frequencies are
√
ωk ∼ k,
whereas for the KAM theories,
ωk ∼ k
is the limiting case.

4

The basic KAM theorem

For the sake of completeness and reference we include a version of the infinite
dimensional KAM theorem that is applicable to the Hamiltonians in section 1 and 2.
To study perturbations of the Hamiltonians (6) and (10) it is convenient to
introduce local coordinates
ϕ = x,

I =ξ+y

around each torus Tn × {ξ } × {0}. We obtain a family of Hamiltonians
H0 =

ωk (ξ ) |qk |2 + · · ·

ωk (ξ )yk +
1≤k≤n

k≥n+1

with
ωk (ξ ) = λk +

Q kl ξl ,
1≤l≤n

Section 4: The basic KAM theorem

21

for which we want to prove the persistence of the invariant torus Tn × {0} × {0}.
It turns out that the terms comprised in the dots may also be regarded as perturbations. So, we now consider a slightly more general family of simple Hamiltonians
H0 =

Ωk (ξ ) |qk |2

ωk (ξ )yk +
1≤k≤n

k≥n+1

on the phase space Tn × Rn × sC , where the frequencies ω = (ω1 , . . . , ωn ) and
Ω = (Ωn+1 , Ωn+2 , . . . ) depend on n parameters
ξ ∈  ⊂ Rn .
The parameter domain  may be any closed subset of Rn of positive Lebesgue
measure. For instance,  may be a Cantor set.
For each parameter value ξ , there is an invariant torus Tn ×{0}×{0} with linear
flow, which is determined by the “internal” frequencies ω(ξ ). In its normal space
described by the q -coordinates, the origin is an elliptic equilibrium with “external”
frequencies Ω(ξ ). The aim is to prove the persistence of a large portion of this
family under small perturbations H = H0 + H1 of H0 . To this end the following
assumptions are made.
A - Spectral Asymptotics. There exists d > 1 and β > 1 such that
Ωk (ξ ) = k d + · · · + Ω̃k (ξ ),
where the dots stand for fixed lower order terms not depending on ξ , and where the
weighted functions
Ω̃k (ξ )
k d−β
are uniformly Lipschitz on .
We assume here that d > 1. The case d = 1 may also be handled – see
[25, 31] – but is somewhat more involved and not relevant here. We therefore omit
it for the sake of brevity.
B - Nondegeneracy. The map
ξ → ω(ξ )
is a homeomorphism between  and its image which is Lipschitz in both directions.
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Moreover, for all (k, l) ∈ Zn × Z∞ with 1 ≤

i

|li | ≤ 2 the resonance sets

Rkl = { ξ ∈  : k, ω(ξ ) + l, Ω(ξ ) = 0 }
have Lebesgue measure zero.
We note that assumption A implies that Rkl is empty for almost all k and l , so
this assumption together with assumption A concerns only finitely many k and l .
C - Regularity. The perturbation H1 is real analytic in the space coordinates
and Lipschitz in the parameters, and for each ξ its Hamiltonian vector field is a map
X H1 : Tn × Rn × sC ⊃ D → Tn × Rn × s−σ
C
with
σ < d − 1,
where D is some neighbourhood of Tn × {0} × {0}.
To formulate a smallness condition for the perturbations we introduce the complex domains
D(w, r ) : |Im x| < w, |y| < r 2 , &q&s < r
and the weighted vector field norms
&X H &r = |∂ y H | + r −2 |∂x H | + r −1 &∂q̄ H &s−σ .
Then, &X H &r,D(w,r )× denotes the supremum of &X H &r over the set D(w, r ) × .
L
Similarly, &X H &r,D(w,r
)× denotes the associated Lipschitz semi-norm with respect
to the parameters ξ over .
Theorem 4.1 ([20, 25, 27, 31]) Suppose H = H0 + H1 satisfies assumptions A, B and C. If



L
ε =  X H1 r,D(w,r )× +  X H1 r,D(w,r )×
is sufficiently small, then there exists
(a) a Cantor set  ⊂  such that the Lebesgue measure of \ tends to zero
with ε;
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(b) a Lipschitz continuous family of real analytic, symplectic coordinate transformations
 : Tn × Rn × sC ×  → Tn × Rn × sC
close to the identity; and
(c) perturbed frequencies ω and Ω  close to the unperturbed ones, which are
Lipschitz on  ,
such that
ωk (ξ )yk +

H ◦ =
1≤k≤n

Ωk (ξ ) |qk |2 + · · · ,
k≥n+1

where the dots stand for higher order terms in y and q . Hence, for each ξ ∈ 
the perturbed Hamiltonian admits a linearly stable invariant n-torus with internal
frequencies ω (ξ ) and external frequencies Ω  (ξ ).
For a more precise version of this theorem see [31] and [20]. Note that its
“output” is of the same form as its “input”. This makes it possible to iterate the
theorem to construct almost-periodic solutions for certain Hamiltonians depending
on infinitely many parameters [32].
The first versions of this KAM theorem [25, 31] had to impose the additional
hypotheses
σ ≤ 0,
that is, the perturbing vector fields had to be bounded as operators. This was sufficient for perturbing Schrödinger and wave equations, but not sufficient for the
KdV equations, where the operators are unbounded. Strictly speaking, the proof
of Kuksin’s result [23] contained a gap, which he filled only recently in [27]. It required a very delicate estimate of a linear small divisor equation with large, variable
coefficients. For another version, see also [20].
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[27] S.B. K UKSIN , A KAM theorem for equations of the Korteweg-de Vries type. Preprint
(1996).
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[29] J. P ÖSCHEL , On elliptic lower dimensional tori in Hamiltonian systems. Math. Z. 202
(1989), 559–608.
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